The secondary instability mode and transition to a weak chaotic regime in a one-dimensional roll pattern have been investigated in the Taylor-Dean system. The spatiotemporal modulation of a roll pattern, called a triplet state in Phys. Rev. Lett. 64, 1729 ͑1990͒, is quantitatively characterized using the demodulation technique by the Hilbert transform. A triplet pattern arises from the primary structure by a periodic modulation of the phase both in space and time. The amplitude of the modulation, chosen as an order parameter, has been measured, and it grows as a square root of the reduced control parameter. The correlation length and time of the triplet pattern are maximal near the threshold, and decrease to values comparable to the size and period of a triplet in the chaotic regime. In the chaotic regime, regular oscillations of triplets are observed with a finite frequency, suggesting a phase modulation of the triplet pattern itself.
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I. INTRODUCTION
Pattern formation in nonlinear systems remains one of the challenging problems of contemporary physics ͓1,2͔. Systems maintained far from thermodynamic equilibrium by external stresses show surprising organized structures, which may undergo successive transitions leading to chaos or weak turbulence. Each transition may be associated with a broken symmetry of the system ͓1,2͔. The prototypes of such nonlinear systems are Rayleigh-Bénard convection and TaylorCouette flow ͓3-6͔, which have been largely investigated by different experimental, numerical, and theoretical tools ͓1,2͔. While transition scenarios to weak chaos in small size systems have been well defined ͓1͔, recent developments have been much concerned with spatially extended systems which exhibit spatiotemporal chaos that does not possess universal transition sequences. Depending on the control parameter and on the base state, an extended system can undergo a transition to either a stationary or an oscillatory pattern. Extended systems with a first instability giving an oscillatory pattern are of particular interest, since the transition to spacetime chaos occurs not far from the onset of the primary bifurcation ͓1,2͔. They are then more accessible to an easier modelization, which can allow a comparison between experimental and theoretical results. A transition to oscillatory pattern has been observed in Rayleigh-Bénard convection in fluids with small Prandtl numbers Pr ͓7͔, in convection with binary mixture fluids ͓8͔, in Taylor-Couette flow with counter-rotating cylinders ͓9͔, in a Taylor-Couette system with an axial flow ͓10͔, or in the Taylor-Dean system ͓11͔. These observations in one-dimensional systems have been explained using the framework of the complex GinzburgLandau equation ͓12͔ and the Kuramoto-Sivashinsky equation ͓2͔. Spatiotemporal patterns observed in different extended systems exhibit interesting features such as localized defects, isolated patches of traveling waves, holes ͓13͔, or solitons ͓14͔.
Recently, the Taylor-Dean system has been the subject of intense investigations because it exhibits a large variety of patterns ͓4,11,15,16͔. The base flow may undergo a transition to either stationary Taylor-Couette and Dean modes or oscillatory modes of traveling rolls ͓17͔. Under external forcing, it can exhibit a standing roll pattern ͓18͔. In contrast with the Taylor-Couette system ͓5͔, the system does not have rotational symmetry around the cylinder axis. In fact, a partial filling of the gap produces two horizontal free surfaces that induce a pressure gradient along the azimuthal direction. Far from the cylinder ends, the base laminar flow is stationary and contains two flow parts: a recirculation zone near the free surfaces where the velocity field has two components, and a bulk flow in which the velocity field has only an azimuthal component ͓19͔. Previous experimental studies of the Taylor-Dean system ͓11,15͔ mainly characterized the primary pattern of traveling inclined rolls; a qualitative description of the short wavelength modulation ͑called triplet͒ was given in Ref. ͓15͔ . In this paper, we give quantitative results about this transition, together with a qualitative description of higher instability modes. The secondary instability is confirmed to be a supercritical transition with an order parameter that has been measured. For higher values of the control parameter, the modulated pattern exhibits spatiotemporal defects and oscillations leading to a spatiotemporal chaos.
The paper is organized as follows: the experimental system with data acquisition and analysis tools is described in Sec. II. Section III addresses the description of results that are discussed in Sec. IV and Sec. V contains the conclusion.
II. EXPERIMENTAL SYSTEM

A. Description of the system and data acquisition
The considered Taylor-Dean system is similar to that used by Mutabazi et al. ͓15͔ . Briefly, it consists of two horizontal coaxial cylinders partially filled with water. The inner cylinder is made of black anodized aluminum ͑for a better visualization contrast͒ with a radius aϭ4.46 cm. The outer cyl-inder is made of glass with a radius bϭ5.08 cm ͑Fig. 1͒. The gap between the cylinders is dϭbϪaϭ0.62 cm over a length Lϭ55 cm. Hence the system has a radius ratio ϭa/bϭ0.878, and an aspect ratio ⌫ϭL/dϭ90. The filling level angle f is chosen as f /2ϭ0.7.
The inner cylinder is rotated by a dc servomotor which is driven by a PC, while the outer cylinder remains fixed in the laboratory frame. Thus the only control parameter is the Reynolds number relative to the inner rotating cylinder defined as Reϭ⍀ad/, where ⍀ is the cylinder angular frequency and the kinematic viscosity of the fluid.
The precision on the geometric dimensions and on the rotation frequency is better than 0.5%. Therefore, the main error on the control parameter Re comes from the viscosity fluctuations with temperature. During experiments, the temperature has been measured, and we estimated the uncertainty on the control parameter to be ⌬ Re/Reϳ1%.
Teflon rings are attached at the ends of the inner surface of the fixed outer cylinder in order to reduce the effects of Ekman recirculation. The aspect ratio ⌫ϭ90 is large enough to consider the experimental system as an extended system ͓2͔; actually more than 70 rolls are observed in the system. Moreover, the roll intensity vanishes slightly before the ends, suggesting that the roll pattern has soft boundaries.
For the experiments, we used distilled water with 1% Kalliroscope AQ1000 for the visualization. With a light from a fluorescent tube, the flow was visualized on the front side ͑Fig. 1͒. To obtain spatial information about the roll dynamics, a linear 1024-pixel charge coupled device ͑CCD͒ array records the reflected light intensity distribution I(x) from a line along the axis of the cylinders, 1 cm below the free surface. The recorded length is 30 cm in the central part of the system corresponding to a spatial resolution of 34 pixels/ cm. The intensity is sampled in 256 values, displayed in gray levels at regular time intervals along time axis to produce space-time diagrams I(x,t) of the pattern. For a good resolution of frequency spectra, acquisitions of 8192 time steps of 0.2 s were used. Wave-number spectra have been averaged in time in order to improve their resolution. The data are processed on a UNIX workstation.
Times, lengths, and velocities are scaled, respectively, by the radial diffusion time d 2 /ϳ40 s, the gap size d, and the radial diffusion velocity /dϳ0.016 cm/s. All quantities used in this paper are dimensionless, unless stated differently. In experiments, in order to avoid spurious transient states, we waited 15 min between each variation of the control parameter from 260 up to 340 by a step ⌬ Reϭ2, while 30 min were required before each data acquisition.
B. Demodulation and statistical analysis
In order to quantify spatial and temporal variations of wave numbers and frequencies, we performed the demodulation technique by Hilbert transform ͓13͔ of the signal with respect to time. The real signal I(x,t) is transformed in its complex equivalent expression as follows:
In practice, the original signal I(x,t) is first bandpass filtered in space with a relatively large band ͑elimination of largescale lighting inhomogeneities and small-scale noise͒. Then a temporal fast Fourier transform is computed, and components of negative frequencies are set to zero with a smooth filter. The latter consists of a bandpass filter with a band carefully adapted to each pattern, centered on the roll frequency. Afterwards, the inverse Fourier transform of the truncated signal in the spectral space gives the amplitude ͉A(x,t)͉ and the total phase (x,t). The wave numbers and frequencies are measured as the spatial and temporal phase gradients: q(x,t)ϭ‫ץ/ץ‬x and f (x,t)ϭ(1/2)(‫ץ/ץ‬t). Statistical analysis of the pattern signal has been performed for each value of Re: the probability density functions of local frequencies and wave numbers have been built over 4ϫ10 5 values of phase gradients. Autocorrelation functions of the space-time signals have been calculated in order to obtain the correlation length and time of pattern.
III. RESULTS
A. Different states of the pattern
The sequence of states observed in this experiment is shown in Fig. 2 . The space-time diagrams and corresponding frequency spectra of patterns observed are exhibited in Figs. 3-7 for different values of the control parameter from the primary state to chaotic regime. In addition to the roll frequency peaks, spectra contain the cylinder frequency f i because a few Kalliroscope particles stick to the inner cylinder surface and periodically reflect the light to the CCD array.
The primary instability of the base flow occurs at Re c ϭ260Ϯ2, and gives rise to a pattern of traveling inclined rolls with a definite wave number q 1 ϭ4. sition is supercritical; no hysteresis in the threshold was found, within our experimental precision, when ramping up and down in the neighborhood of the onset. Localized spatiotemporal defects ͑mostly collisions between rolls͒ have been observed. A typical space-time diagram of the pattern in the primary state and corresponding frequency spectrum are shown in Figs. 3͑a͒ and 3͑b͒. As the system is extended, a source separating left and right traveling rolls may occur in the pattern just above the threshold of the primary instability. The appearance of sources and spatiotemporal defects and their density depend strongly on the ramping rate.
At Re m ϭ292Ϯ2, the traveling roll pattern undergoes a secondary supercritical instability ͓15͔. A spatiotemporal modulation occurs: the roll pattern becomes biperiodic in space and time ͓Figs. 4͑a͒ and 4͑b͔͒. In the space-time diagram, the wavelength modulation is characterized by oblique stripes due to periodic variation of the roll size. This modulation drifts with a velocity much smaller than that of individual rolls ͓Fig. 4͑a͔͒. Visualizations of modulated pattern show that drift velocity and size of rolls change along the pattern. This modulation is characterized by a wave number q 2 ϭ1.7Ϯ0.1 and a frequency f 2 ϭ1.10Ϯ0.05 at threshold. Figure 4͑b͒ shows peaks f 1 and f 2 and coupling peaks between f 1 and f 2 . The ratio q 1 /q 2 ϭ2.8 is close to 3, that is why the pattern was called triplet pattern previously ͓15͔. For higher values of Re, the dynamics of the pattern is governed mainly by the triplets, which behave themselves as coherent objects.
For ReϾRe*ϭ307Ϯ3 ͑Fig. 2͒, triplet patterns undergo long wavelength perturbations resulting in collisions between two triplets ͓Fig. 5͑a͔͒ similar to collisions between rolls. The frequency spectrum of the pattern with collision of triplets ͓Fig. 5͑b͔͒ contains more noise than the former spectrum of the periodic triplet regime ͓Fig. 4͑b͔͒. For ReϾRe o ϭ315Ϯ3, the spatiotemporal diagram contains domains of regular oscillations of the triplets separated by disordered domains ͑with defects and sources͒. Figure 6͑a͒ shows one of such regular domains with a third definite frequency f 3 ͓Fig. 6͑b͔͒. When Re increases, sources, sinks, triplets collision and creation events occur frequently in the pattern ͓Fig. 7͑a͔͒, and the measurement of f 3 becomes difficult as the pattern frequency spectrum contains a large background noise ͓Fig. 7͑b͔͒.
B. Description of the spatiotemporal modulated pattern
Figures 8͑a͒ and 8͑b͒ show the wave-number variations in space and in time, respectively. The wave number oscillates with a well defined wavelength ⌳ϭ2/q 2 and period T ϭ1/f 2 . The amplitude of these oscillations is constant in time and almost constant in space. In the latter case, the fluctuations are due to weak long scale inhomogeneities of the pattern. We have analyzed the histograms of local wave numbers and frequencies, in order to measure the average amplitude of the wave-number oscillations in the whole modulated pattern. This has been determined by the difference ⌬q separating the two peaks: ⌬qϭq max Ϫq min ͑Fig. 9͒. The peaks around q min and q max correspond, respectively, to small and large rolls in the pattern. Similarly, the histograms of frequencies exhibit two peaks at frequencies f min and f max and yield the amplitude of the frequency variation ⌬ f ϭ f max Ϫf min . The peaks' disymmetry is related to higher harmonics of the wave-number oscillations, and their width to previously mentioned inhomogeneities ͓Fig. 8͑a͔͒.
The spatial or temporal variation of frequency and wave number indicates that the triplet pattern may be considered as a wave envelope with a group velocity v g defined as
From the data for the wave number q(x) and the frequency f (x) just above the onset of the phase modulation, we have obtained the group velocity v g ϭ4.2Ϯ0.4. This value is the same as that measured directly from the space-time diagram of triplets ͓Fig. 4͑a͔͒. FIG. 5 . ͑a͒ Space-time diagram of a modulated pattern with defects on triplets (Reϭ312). ͑b͒ Spatially averaged power spectral density ( P) with background noise ͑f 1 ϭ21.01, f 2 ϭ0.80͒.
FIG. 6. ͑a͒
Space-time diagram of modulated pattern with oscillations on triplets (Reϭ326). ͑b͒ Power spectral density ( P) with a background noise shows a peak f 3 ϭ1.93 of the triplet oscillations ͑f 1 ϭ20.80, f 2 ϭ0.83͒.
C. Variation of frequency and wave number with Re
Figure 10 shows all the measured frequencies ͑a͒ and wave numbers ͑b͒ for Re͓260,340͔. The frequency f 1 increases monotonously with Re ͓Fig. 10͑a͔͒, while the wave number q 1 is constant within long wavelength perturbations ͓Fig. 10͑b͔͒. Above the onset of modulation (ReϾRe m ), the modulation frequency f 2 and wave number q 2 vary weakly with the control parameter.
For ReϾRe m , we have plotted on the same diagrams extremal values of frequency and wave number of the modulated pattern. The mean roll frequency is f 1 Ϸ( f max ϩf min )/2, and f 2 is the modulation frequency that remains almost constant, while ⌬ f ϭ f max Ϫf min is the amplitude of frequency modulation and increases with the control parameter ͓Fig. 10͑a͔͒. The same observation holds for the wave numbers.
The oscillations of the triplets have a frequency f 3 , which appears to be almost constant with respect to Re in the range ͓315,340͔. The frequency f 3 is not a harmonic of f 2 . The wave number associated with these oscillations is not accessible from the spectra; it has been estimated from the spacetime diagram. We have found that q 3 Ϸ0.18 corresponding to a spatial period of 35 that is close to the visualization length.
D. Pattern correlation length and time
We have measured the correlation length and time from the autocorrelation function of the pattern signal. For ReϽRe m the correlation corresponds to rolls, while for Re ϾRe m it is associated with the triplets. In the primary state, the correlation length Ϸ8 ͑six rolls͒, these data ͑Fig. 11͒ are scattered because of spatiotemporal defects and source in the pattern ͓15͔. Just before the spatiotemporal modulation sets in, the pattern has no more defect and its correlation length increases up to ϭ19 ͑15 rolls͒. The correlation length and time reach maximal values near the threshold of the modulation. Just above the onset of the spatiotemporal modulation (ReϾRe m ), the correlation length covers five triplet wavelengths. Before and above the pattern modulation, the correlation length remains lower than the total size of the pattern because of the presence of a source and longscale inhomogeneities. Actually, the size of the pattern on the right side of the source is about 20 triplet wavelengths. The correlation time near ReϭRe m is about 13 triplet periods. Away from the onset, the correlation length and time of the triplet pattern decrease to values comparable with the size or the period of a triplet.
IV. DISCUSSION
A. Primary state pattern
The first instability gives rise to traveling inclined rolls, showing the parity breaking of the roll pattern. The drift velocity of rolls increases almost linearly with the control parameter. Both facts suggest that this first transition can be interpreted as a drift instability due to a coupling of the fundamental mode with its harmonics ͓20,21͔. Similar mechanisms of parity breaking have been observed in the TaylorDean system with a rotating outer cylinder ͓22͔, and in other experimental systems such as printer instability ͓23͔.
The frequency of the roll pattern is constant along the system axis, while the wave number fluctuates around q 1 ϭ4.8 because of pattern inhomogeneities that induce spatiotemporal defects ͓Fig. 3͑a͔͒. In fact, the wave number varies along the system axis within ␦qϭ0.25, corresponding to long scale perturbations of length L r ϭ2/␦qϭ25, which is comparable with the size of the subsystem of right traveling rolls. In the spectrum of Fig. 3͑b͒ , we can see a low frequency f d , and related satellite peaks around f 1 . These peaks are due to the presence of defects in the pattern. This is a typical characteristic of a Benjamin-Feir instability ͓1͔. The presence of spatiotemporal defects in the primary pattern is responsible for the strong fluctuations of the correlation length and time. No defect has been observed when approaching the modulation threshold, the pattern becomes phase stable relative to long-scale perturbations ͓24,25͔.
B. Phase modulation
Within our experimental precision, the transition to spatiotemporal modulation is supercritical; no significant hysteresis was found ramping up and down around ReϭRe m , in agreement with previous study ͓15͔. We have quantitatively confirmed the supercritical nature of the secondary transition. In fact, since this modulation affects the phase of the pattern, we have chosen the amplitude of wave-number modulation ⌬qϭq max Ϫq min as the order parameter for the transition. It measures the wave-number spreading, and therefore the phase perturbation strength to the primary pat- Similarly, the amplitude of the frequency modulation ⌬ f ϭ f max Ϫf min has a power law behavior ͓Fig. 12͑b͔͒:
, where f 1m is the roll frequency measured at the modulation threshold.
As the modulation sets in, the size and the drift velocity of individual rolls change periodically in space and time with a finite wave number q 2 and a finite frequency f 2 . The fact that q 2 and f 2 do not vary significantly with the control parameter Re is a signature that they are inherent to a secondary instability mode of the pattern. A similar behavior was observed by Flesselles, Croquette, and Jucquois ͓13͔ in a study of the transition to chaos in a chain of nonlinear coupled oscillators.
Close to the onset Re m , the total phase of the periodic modulated pattern in space and time, traveling to the right, can be described by the following expression
where ͑x,t ͒ϭ␣ cos͑ 2 tϪq 2 x ͒,
is the angular frequency. This function represents a sinusoidal modulated phase in time and space. The particular case ␣ϭ0 represents the primary state. Therefore, ␣ is related to the order parameter ⌬q or ⌬ f as follows: ␣ϭ⌬q/2q 2 ϭ⌬ f /2 f 2 . Spatiotemporal plots of the phase from expression ͑2͒ with experimental values 1 , q 1 , 2 , and q 2 reproduce patterns very similar to those observed in experiment ͓Figs. 13͑a͒ and 13͑b͔͒. The higher harmonics observed in the phase modulation are not taken into account in relation ͑2͒. 
C. Chaotic regime
As the control parameter is increased away from Re m , the triplet pattern becomes unstable to long wavelength perturbations that lead to spatiotemporal defects on triplets. We have observed that triplet patterns are very sensitive to perturbations from the system boundaries.
The oscillations of triplets may be interpreted as a phase modulation of the triplet pattern. Figure 6͑a͒ shows that the oscillations travel to the left when the triplets drift to the right. Naively, the phase of the pattern could be represented as follows: ͑x,t ͒ϭ␣ cos͓ 2 tϪq 2 xϩ␤ cos͑ 3 tϩq 3 x ͔͒, ͑3͒
where ␤ is an amplitude of the triplet oscillation. Although the amplitude ␤ grows with the control parameter, we have not obtained satisfactory measurements of this growth because the oscillations are observed inside a chaotic regime. The chaotic pattern is characterized by small values of the correlation length and time ͓1͔ compared to those of the whole system, and by a high level of the background noise in the spectra ͑Figs. 5-7͒. Figures 3-7 show qualitative changes from discrete to continuous spectra. In order to quantify this spectra evolution with the control parameter, we define a measure of noise. Since relevant information is contained in the phase, we quantify the noise from the spectra of phase gradient signal ͓such as Figs. 14͑a͒ and 14͑b͔͒ as follows:
where f N is the Nyquist frequency, S( f ) is the power spectral density of the phase gradient signal q(t), and S 0 ( f ) is that of the signal with the lowest noise ͑in our case at Re ϭ288͒. The background noise B shows qualitative changes of the pattern dynamics ͑Fig. 15͒: it increases with the control parameter ͑except in the region where there are no defects͒. In particular, it grows drastically near ReϭRe* because of the occurrence of defects on triplets. The value Re* ͑ϳ307͒ corresponds to the transition to a continuous spectrum, characteristic of a chaotic regime.
The thresholds of successive transitions are close to the threshold Re c of the primary instability; this is a typical property of patterns in extended systems ͓1,2͔. In fact, the spatiotemporal chaotic regime occurs near ϭ(ReϪRe c )/Re c ϭ0.2. A further investigation of the chaotic regime by different tools is underway, especially in the neighborhood of the triplets defects.
V. CONCLUSION
A transition scenario to spatiotemporal chaos in the Taylor-Dean system with a fixed outer cylinder has been investigated. The secondary instability of traveling inclined rolls gives rise to a triplet pattern with finite wave number and frequency that vary weakly with the control parameter. This supercritical transition is a spatiotemporal modulation with an order parameter chosen as the amplitude of the wave number or frequency variation. In modulated patterns, triplets are the appropriate basic structures; they undergo instabilities similar to those of rolls. Spatiotemporal defects and domains of regular oscillations of triplets have been observed in the chaotic regime. The correlation length and time of the pattern become smaller than those of a single triplet. The variation of the phase noise with the control parameter indicates qualitative changes of the pattern, and allows one to determine approximately the onset of the spatiotemporal chaos in the system. For higher values of the control parameter, the triplet pattern exhibits a large number of defects, the dynamics of which necessitates a detailed investigation. Our study leaves open the question of the origin of the spatiotemporal modulation in the Taylor-Dean system. It calls for a theoretical analysis in the phase dynamics framework. Moreover, the recirculation zone of the base flow may play some role in the selection of the wave number q 2 .
